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STEP Mathematics III 2011: Solutions 
 
Section A: Pure Mathematics 
 
1. (i) The differential equation can be solved either by separating variables or using 

an integrating factor.  In either case, ׬ ቀ
௫ାଶ

௫ାଵ
ቁ  or the negative of it is required, and this can , ݔ݀

be found either by re-writing  ቀ௫ାଶ
௫ାଵ

ቁ as  1 ൅ ଵ

௫ାଵ
 or using the substitution, ݒ ൌ ݔ ൅ 1 . 

Thus the solution is  ݑ ൌ ݇ሺݔ ൅ 1ሻ݁௫. 
 

 (ii) The substitution ݕ ൌ    ௫ yieldsି݁ݖ
ௗ௬

ௗ௫
ൌ ௫ି݁′ݖ െ  ௫,  andି݁ݖ

 
ௗమ௬

ௗ௫మ
ൌ ௫ି݁′′ݖ െ ௫ି݁′ݖ2 ൅  .௫ି݁ݖ

 
Substituting these expressions in the differential equation and simplifying gives 
 
 ൫ሺݔ ൅ 1ሻݖᇱᇱ െ ሺݔ ൅ 2ሻݖᇱ൯݁ି௫ ൌ 0 which is effectively the first order differential equation 
from part (i) with ݑ ൌ  .′ݖ
 
So  ݖ′ ൌ ݇ሺݔ ൅ 1ሻ݁௫, which is an exact differential (or integration by parts could be used), 
ݖ ൌ ௫݁ݔ݇ ൅ ܿ and so ݕ ൌ ݔܣ ൅  .௫   as requiredି݁ܤ
 

 (iii) Part (ii)’s substitution gives ݖᇱᇱ െ
ሺ௫ାଶሻ

ሺ௫ାଵሻ
ᇱݖ ൌ ሺݔ ൅ 1ሻ݁௫ which using the 

integrating factor from part (i) gives  
௘షೣ

௫ାଵ
ᇱݖ ൌ ׬ ݔ1݀ ൌ ݔ ൅ ܿ, and thus 

 
ݕ  ൌ ሺݔଶ ൅ 1ሻ ൅ ݔܣ ൅  ௫.  Alternatively, the solution to part (ii) is the complementaryି݁ܤ
function and a quadratic particular integral should be conjectured, which in view of the cf 
need only be  ݕ ൌ ଶݔܥ ൅  .yielding the same result ,ܦ
 

2. As  ݂ ቀ௣
௤
ቁ ൌ ௡ିଵ݂ݍ  , 0 ቀ௣

௤
ቁ ൌ 0 , which, when evaluated, gives every term but one to 

be an integer, and so, that term,   
௣೙

௤
 , must be an integer, and as p and q are integers with no 

common factor greater than 1, this can only happen if  ݍ ൌ 1 , giving the required deduction. 
 
(i) To show that the nth root of 2 is irrational, consider  ݂ሺݔሻ ൌ ௡ݔ െ 2, and evaluate 
݂ሺ1ሻ  and  ݂ሺ2ሻ , then apply the stem of the question. 
 
(ii) Considering the turning points of  ݂ሺݔሻ ൌ ଷݔ െ ݔ ൅ 1 , there can only be one real 
root.  Evaluating  ݂ሺെ2ሻ and  ݂ሺെ1ሻ and applying the stem gives the result. 
 
(iii)  Considering the graphs of  ݕ ൌ ݕ  ௡  andݔ ൌ ݔ5 െ 7 , for  ݊ ൒ 3 , that these cannot 
intersect for ݔ ൒ 0 can be observed by noting their signs for  0 ൑ ݔ ൏ 1 ∙ 4 , and their 
gradients for  ݔ ൒ 1 ∙ 4 .  For  ݔ ൏ 0 , and n even, it is sufficient to consider signs, whereas 
for n odd, it is enough to evaluate  ݂ሺݔሻ ൌ ௡ݔ െ ݔ5 ൅ 7  for  ݔ ൌ െ2 , and  ݔ ൌ െ1	ݎ݋ െ 3 , 
depending on the case, and then applying the stem.  The case  ݊ ൌ 2, can be demonstrated by 
completing the square and showing that there are no real roots. 
 



Part (i) could be demonstrated by a minor variant to the usual proof for the irrationality of the 
square root of 2.  Parts (ii) and (iii) could be shown by applying the stem and then 
considering the left hand side of each equation for the cases n even and n odd. 
 
3. Considering the quadratic equation   ݐ݌ଶ െ ݐݍ ൅ ଶ݌ ൌ 0 , the condition  ݍଶ ്  	ଷ݌4
shows, by considering the discriminant, that the roots are unequal.  Supposing that   
ଷݔ െ ݔ݌3 ൅ ݔcan be written as  ܽሺ ݍ െ ሻଷߙ ൅ ܾሺݔ െ  ሻଷ , and equating coefficientsߚ
generates the four equations 
ܽ ൅ ܾ ൌ 1  
െ3ܽߙ െ ܾߚ3 ൌ 0  
ଶܽߙ3 ൅ ଶܾߚ3 ൌ െ3݌  
െߙଷܽ െ ଷܾߚ ൌ   ݍ
 

The first pair may be solved simultaneously to give ܽ ൌ ିఉ

ఈିఉ
  and  ܾ ൌ ఈ

ఈିఉ
  . 

Substitution yields  ݌ ൌ ݍ  and ߚߙ ൌ ߙሺߚߙ ൅  ,ሻ , or alternativelyߚ
ߚߙ  ൌ ߙ    and  ݌ ൅ ߚ ൌ ௤

௣
  and so α and β  satisfy  ݐଶ െ ௤

௣
ݐ ൅ ݌ ൌ 0  i.e.  ݐ݌ଶ െ ݐݍ ൅ ଶ݌ ൌ 0. 

For  ݌ ൌ 8, ݍ ൌ ଶݍ , 48 െ ଷ݌4 ൌ 2଼ ് 0 .   
Hence α and β are the roots of  8ݐଶ െ ݐ48 ൅ 64 ൌ 0 , i.e.   ݐଶ െ ݐ6 ൅ 8 ൌ 0 and  
wlog  ߙ ൌ 2	, ߚ ൌ 4, ܽ ൌ 2, ܾ ൌ െ1. 

So  ݔଷ െ ݔ24 ൅ 48 ൌ 0		can be re-arranged as  ቀ௫ିସ
௫ିଶ

ቁ
ଷ
ൌ 2 

As  ߱ଷ ൌ 1  ,   
௫ିସ

௫ିଶ
ൌ √2య 	, ߱√2య 	, ߱ଶ√2య   and so  ݔ ൌ

ଶቀଶି √ଶ
య ቁ

ଵି √ଶ
య 	 ,

ଶቀଶିఠ √ଶ
య ቁ

ଵିఠ √ଶ
య 	 ,

ଶቀଶିఠమ √ଶ
య ቁ

ଵିఠమ √ଶ
య  

 
If  ݍ ൌ ݌  ଷ  andݎ2 ൌ ଶݍ  , ଶݎ ൌ    .ଷ so the first part cannot be used݌4
However, ݔଷ െ ݔଶݎ3 ൅ ଷݎ2 ൌ 0 can be readily factorised as ሺݔ െ ݔሻଶሺݎ ൅ ሻݎ2 ൌ 0 and so 
ݔ ൌ  ݎor െ2 (repeated)	ݎ
 
4. (i)	׬ ݂ሺݔሻ݀ݔ

௔
଴   is the area between the curve ݕ ൌ ݂ሺݔሻ, the x axis, and the line  ݔ ൌ ܽ 

׬ ݂ିଵሺݕሻ݀ݕ
௕
଴   is the area between the curve ݕ ൌ ݂ሺݔሻ, the y axis, and the line  ݕ ൌ ܾ . 

 
The sum of these areas is greater than or equal to the area of the rectangle, with equality 
holding if  ܾ ൌ ݂ሺܽሻ. 
 

 

(ii) With ሺݔሻ ൌ   ௣ିଵ , the sum of the two integrals isݔ
ଵ

௣
ܽ௣ ൅ ௣ିଵ

௣
ܾ

೛
೛షభ 



 But as  
ଵ

௣
൅ ଵ

௤
ൌ 1 ,  

ଵ

௤
ൌ ௣ିଵ

௣
 , and so the required result follows by applying the result 

of part (i). 

If  ܾ ൌ ܽ௣ିଵ, simple algebra shows  ܽ ൌ ܾ௤ିଵ ,  so  
ଵ

௣
ܽ௣ ൅ ଵ

௤
ܾ௤ ൌ ଵ

௣
ܾܽ ൅ ଵ

௤
ܾܽ ൌ ܾܽ and 

equality is verified. 
 
(iii) ݂ሺݔሻ ൌ sin  satisfies the conditions of part (i) ݔ

So  ׬ ݂ሺݔሻ
௔
௢ ݔ݀ ൌ 1 െ cos ܽ , and, by parts,  ׬ ݂ିଵሺݕሻ݀ݕ

௕
଴ ൌ ܾ sinିଵ ܾ ൅ √1 െ ܾଶ െ 1 

which together give the required result. 
 
Choosing   ܽ ൌ 0, and  ܾ ൌ ଵ, part (i) gives  0ିݐ ൑ ଵିݐ sinିଵሺିݐଵ	ሻ ൅ √1 െ ଶିݐ െ 1 which 
can be re-arranged to give the required result. 
 
5. 

ߠଶ݀ݎ ൌ ሺݔଶ ൅ ଶሻݕ ௗ

ௗ௧
ቀtanିଵ ቀ௬

௫
ቁቁ ݐ݀ ൌ ሺݔଶ ൅ ଶሻݕ ଵ

ଵାቀ೤
ೣ
ቁ
మ

ቀ௫೏೤
೏೟
ି௬೏ೣ

೏೟
ቁ

௫మ
ൌ  ݐ݀ ቀݔ ௗ௬

ௗ௧
െ ݕ ௗ௫

ௗ௧
ቁ    ݐ݀

and hence integrating gives the result. 
 
A is ሺݔ െ ܽ cos ,ݐ ݕ െ ܽ sin ݔሻ and B is ሺݐ ൅ ܾ cos ,ݐ ݕ ൅ ܾ sin  ሻݐ
 

ሾܣሿ ൌ ଵ

ଶ
׬ ሺݔ െ ܽ cos ሻݐ
ଶగ
଴ ቀௗ௬

ௗ௧
െ ܽ cos ቁݐ െ ሺݕ െ ܽ sin ሻݐ ቀௗ௫

ௗ௧
൅ ܽ sin ቁݐ  using (*) which  ݐ݀

leads directly to ሾܣሿ ൌ ሾܲሿ െ ݂ܽ ൅  .ଶܽߨ
Replacing –a by b gives  ሾܤሿ ൌ ሾܲሿ ൅ ܾ݂ ൅       ଶܾߨ
As  ሾܣሿ ൌ ሾܤሿ , these expressions can be equated to give  ݂ ൌ ሺܽߨ െ ܾሻ . 
The area between curves C and D is ሾܣሿ െ ሾܲሿ ൌ െ݂ܽ ൅   ଶ  which by substitution givesܽߨ
 .as required  ܾܽߨ
 

6. Using the substitution  ݐ ൌ tanh ቀ௨
ଶ
ቁ , then it can be shown that  ܶ ൌ ܷ , by making 

use of  2 sinh ቀ௨
ଶ
ቁ cosh ቀ௨

ଶ
ቁ ൌ	 sinh to obtain the integrand, and  tanhିଵ ݑ ݐ ൌ ଵ

ଶ
ln ቀଵା௧

ଵି௧
ቁ  to 

obtain the limits. 

If instead, integration by parts is used differentiating tanhିଵ   and integrating ݐ
ଵ

௧
 ,and 

employing  tanhିଵ ݐ ൌ ଵ

ଶ
ln ቀଵା௧

ଵି௧
ቁ to demonstrate that ሾtanhିଵ ݐ ln ሿభݐ

య

భ
మ ൌ 0 ,  ܶ ൌ ܸ. 

The substitution  ݐ ൌ ݁ିଶ௫  can be used to demonstrate that  ܶ ൌ ܺ . 
 
(Alternatively, starting from U, the substitution ݑ ൌ 2	 tanhିଵ ܷ  obtains ݐ ൌ ܶ , the 
substitution  ݑ ൌ െ ln ܷ  obtains ݒ ൌ ܸ , and the substitution  ݑ ൌ  followed by integration ݔ2
by parts yields  ܷ ൌ ܺ ; starting from V, by parts it can be shown that  ܸ ൌ ܶ, using the 
substitution  ݒ ൌ ݁ି௨ that  ܸ ൌ ܷ , and the substitution  ݒ ൌ tanhݔ that  ܸ ൌ ܺ ; or starting 

from X, the substitution  ݔ ൌ െ ଵ

ଶ
ln ܺ  gives ݐ ൌ ܶ , integration by parts gives  ܺ ൌ ܷ , and 

the substitution  ݔ ൌ tanhିଵ ܺ gives ݒ ൌ ܸ .) 
 

7. (i) The induction requires  ௞ܶାଶ ൌ ௞ାଶܣ ൅ ௞ାଶඥܽሺܽܤ ൅ 1ሻ  and 
௞ାଶܣ 

ଶ െ ܽሺܽ ൅ 1ሻܤ௞ାଶ
ଶ ൌ 1  . 

௞ܶାଶ ൌ ቀܣ௞ ൅ ௞ඥܽሺܽܤ ൅ 1ሻቁ ൫√ܽ ൅ 1 ൅ √ܽ൯
ଶ
ൌ ቀܣ௞ ൅ ௞ඥܽሺܽܤ ൅ 1ሻቁ ଶܶ  



ଶܶ ൌ ቀ2ܽ ൅ 1 ൅ 2ඥܽሺܽ ൅ 1ሻቁ  and so  ܣଶ ൌ 2ܽ ൅ 1 and  ܤଶ ൌ 2 , and  

ଶܣ 
ଶ െ ܽሺܽ ൅ 1ሻܤଶ

ଶ ൌ ሺ2ܽ ൅ 1ሻଶ െ ܽሺܽ ൅ 1ሻ2ଶ ൌ 1 the result is true for ݊ ൌ 2 . 

Evaluating  ௞ܶାଶ using  ቀܣ௞ ൅ ௞ඥܽሺܽܤ ൅ 1ሻቁ ଶܶ then ܣ௞ାଶ ൌ ሺ2ܽ ൅ 1ሻܣ௞ ൅ 2ܽሺܽ ൅ 1ሻܤ௞  

and ܤ௞ାଶ ൌ ௞ܣ2 ൅ ሺ2ܽ ൅ 1ሻܤ௞ , and so substituting and simplifying, 
௞ାଶܣ 

ଶ െ ܽሺܽ ൅ 1ሻܤ௞ାଶ
ଶ ൌ ௞ܣ

ଶ െ ܽሺܽ ൅ 1ሻܤ௞
ଶ ൌ 1 by the induction. 

 

(ii) ௡ܶ ൌ ൫√ܽ ൅ 1 ൅ √ܽ൯ ௠ܶ ൌ ൫√ܽ ൅ 1 ൅ √ܽ൯ ቀܣ௠ ൅ ௠ඥܽሺܽܤ ൅ 1ሻቁ 

 
ൌ ሺܣ௠ ൅ ܽ√௠ሻܤܽ ൅ 1 ൅ ሺܣ௠ ൅ ሺܽ ൅ 1ሻܤ௠ሻ√ܽ  which is of required form because 
 
௡ܥ ൌ ௠ܣ ൅ ௡ܦ  ௠  andܤܽ ൌ ௠ܣ ൅ ሺܽ ൅ 1ሻܤ௠ are integers and 
 
ሺܽ ൅ 1ሻܥ௡

ଶ െ ௡ܦܽ
ଶ ൌ ሺܽ ൅ 1ሻሺܣ௠ ൅ ௠ሻଶܤܽ െ ܽሺܣ௠ ൅ ሺܽ ൅ 1ሻܤ௠ሻଶ  

 
ൌ ௠ܣ

ଶ െ ܽሺܽ ൅ 1ሻܤ௠
ଶ ൌ 1  as required. 

 
Trivially the case ݊ ൌ 1  is true. 
 
(iii) In the case that n is even, 

 ௡ܶ ൌ ௡ܣ ൅ ௡ඥܽሺܽܤ ൅ 1ሻ ൌ ටܣ௡
ଶ ൅ ටܽሺܽ ൅ 1ሻܤ௡

ଶ ൌ ටܽሺܽ ൅ 1ሻܤ௡
ଶ ൅ 1 ൅ ටܽሺܽ ൅ 1ሻܤ௡

ଶ  

as required,  

and in the case that n is odd,  ௡ܶ ൌ ܽ√௡ܥ ൅ 1 ൅ ܽ√௡ܦ ൌ ටሺܽ ൅ 1ሻܥ௡
ଶ ൅ ටܽܦ௡

ଶ  ൌ

ටܽܦ௡
ଶ ൅ 1 ൅ ටܽܦ௡

ଶ  as required.  

 

ݓ .8 ൌ ݑ ൅ ݒ݅ ൌ ଵା௜ሺ௫ା௜௬ሻ

௜ାሺ௫ା௜௬ሻ
ൌ ଶ௫

௫మାሺଵା௬ሻమ
൅ ݅

௫మି൫ଵି௬మ൯

௫మାሺଵା௬ሻమ
  using the complex conjugate, so  

ݑ ൌ ଶ௫

௫మାሺଵା௬ሻమ
  and ݒ ൌ

௫మି൫ଵି௬మ൯

௫మାሺଵା௬ሻమ
 

 

(i) If  ݔ ൌ tan ఏ

ଶ
ݕ ,   ൌ 0  , then  ݑ ൌ sin ݒ  and ,ߠ ൌ െcosθ, using the general 

result and so  ݑଶ ൅ ଶݒ ൌ 1 but the point  ߠ ൌ  .i.e. ሺ0,1ሻ is not included  ߨ
 
(ii) If  െ1 ൏ ݔ ൏ 1 , and  ݕ ൌ 0  , then it is the same locus as (i) except  െగ

ଶ
൏ ߠ ൏ గ

ଶ
 , 

and so it is the semi-circle that is the part of   ݑଶ ൅ ଶݒ ൌ 1 below the u axis. 
 
(iii) ݔ ൌ 0  , then  ݑ ൌ 0  and ݒ ൌ 	 ௬ିଵ

௬ାଵ
  , and as  െ1 ൏ ݕ ൏ 1 which is that part of the v 

axis below the u axis, i.e. െ∞ ൏ ݒ ൏ 0 . 
 

(iv) Let  ݔ ൌ 2 tan ఏ

ଶ
  and  ݕ ൌ 1 , so as  െ∞ ൏ ݔ ൏ ∞,   െߨ ൏ ߠ ൏    then ,  ߨ

ݑ ൌ
ଵ

ଶ
sin ݒ  and ߠ ൌ 1

2
ሺ1 െ cosθሻ , so the locus is the circle ݑଶ ൅ ቀݒ െ ଵ

ଶ
ቁ
ଶ
ൌ ቀଵ

ଶ
ቁ
ଶ
 

excluding the point θ ൌ  . which is ሺ0,1ሻ , ߨ



 
Section B: Mechanics 
 
9. For the initial equilibrium position, suppose  ߠ ൌ  ,considering potential energy , ߙ
with potential energy zero level at O,  ܷ ൌ 	4݉݃ܽ cos ߠ ൅ 3݉݃ܽ sin 	ߠ ൅ 	ܿ , for 

equilibrium,  
ௗ௎

ௗఏ
ൌ 0 , giving  tanߙ ൌ ଷ

ସ
 . 

Then conserving energy, 

 4݉݃ܽ cos ߠ ൅ 3݉݃ܽ sin 	ߠ ൅	ଵ
ଶ
	7݉	൫ܽߠሶ൯

ଶ
ൌ 4݉݃ܽ cos ߙ ൅ 3݉݃ܽ sin  which having  ߙ

substituted for  ߙ gives  	7ܽ	൫ߠሶ൯
ଶ
൅ 	8݃ cos ߠ ൅ 6݃ sin 	ߠ ൌ 10݃ 

 
(i) Resolving radially in general for Q, if R is the contact force, 
  4݉݃ cos ߠ െ 	ܴ ൌ ሶߠ4݉ܽ ଶ , so when  ߠ ൌ ܴ   , ߚ ൌ 0 , and thus   4݉݃ cos ߚ ൌ ሶߠ4݉ܽ ଶ 
and so substituting for ߠሶ ଶ and  ߠ in the energy result gives  15 cos ߚ ൅ 6 sinߚ ൌ 10 . 
 
(ii) Resolving tangentially for Q,  4݉݃ sin ߠ െ ܶ ൌ ሷߠ4݉ܽ   and for P,  
 ܶ െ 	3݉݃ cos ߠ ൌ ሷߠ3݉ܽ   so eliminating ߠሷ  between them and re-arranging,  

 ܶ ൌ 	 ଵଶ
଻
݉݃ሺsin ߠ ൅	cos  .ሻ as requiredߠ

 

10. Suppose Q is displaced x and P is displaced y, and let  ߣ ൌ 	 ଵ
ଶ
	݉ܽ߱ଶ ,  

then  ݉ݔሷ ൌ 	 ఒ
ሺ௬ି௫ሻ

௔
  and  ݉ݕሷ ൌ 	ିఒ

ሺ௬ି௫ሻ

௔
 . 

Adding and integrating leads to  ݔ ൅ ݕ ൌ  . ݐݑ
Subtracting gives  ݕሷ െ ሷݔ	 ൌ 	െ߱ଶ	ሺݕ െ ݕ  ሻ and soݔ െ ݔ ൌ 	 ௨

ఠ
	sin߱ݐ from solving the 

differential equation and employing the initial conditions that when ൌ ݔ  ,0 ൌ ݕ ൌ ሶݔ ,0 	ൌ 0 , 
and  ݕሶ ൌ  . ݑ

Thus,  ݔ ൌ 	 ଵ
ଶ
	ቀݐݑ െ	 ௨

ఠ
	sin߱	ݐ	ቁ  and  ݕ ൌ 	 ଵ

ଶ
	ቀݐݑ ൅	 ௨

ఠ
	sin߱	ݐ	ቁ .  When the string next 

returns to length a ,  ݕ െ ݔ ൌ 	 ௨
ఠ
	sin߱	ݐ ൌ ݐ	߱  , 0 ൌ ݔ  and so ߨ	 ൌ ݕ ൌ 	 ଵ

ଶ
			 ௨
ఠ
  .as required ߨ	

So at this time,  ݔሶ 	ൌ ሶݕ  and , ݑ ൌ 0 . 
The total time between the impulse and the subsequent collision is  

గ

ఠ
൅	௔

௨
 . 

 
11. On the one hand the distance between the point on the disc vertically below ሺܽ, 0,0ሻ 
and P is ܾ sin߶ as the string length b makes an angle ߶ with the vertical.  On the other, it is 

2ܽ sin ଵ

ଶ
 and hence the , ߠ the third side of an isosceles triangle with two radii a at an angle , ߠ

required result. 
The horizontal component of the tension in each string is  ܶ	 sin߶ and it acts at a 

perpendicular distance  ܽ cos ଵ
ଶ
  from the axis of symmetry.  Thus the couple is ߠ

݊	ܶ	 sin߶ 	ܽ cos ଵ
ଶ
	ܶ	݊  ,Resolving vertically  .	ߠ cos ߶ ൌ ݉݃ .  Substituting for T in the 

expression for the couple and then using  bsin߶ ൌ 	2ܽ sin ଵ

ଶ
 to eliminate  ߶ , gives the ߠ

required result. 
The initial potential energy relative to the position where the strings are vertical is  

ܾ݉݃ሺ1 െ cos߶ሻ .  This is converted into kinetic energy  
ଵ

ଶ
	ଵ
ଶ
	݉ܽଶ	߱ଶ .  Equating these 

expressions and once again using  bsin߶ ൌ 	2ܽ sin ଵ

ଶ
 to eliminate  ߶ , gives the required ߠ

result. 



Section C: Probability and Statistics 
 
12. As  ܩ௒ሺݐሻ ൌ ሻݐ௒ሺ′ܩ , ሻ൯ݐሺܪ൫ܩ	 ൌ ሻ൯ݐሺܪ൫′ܩ	 	ൈ ሺ1ሻܪ ሻ , and asݐሺ′ܪ	 ൌ ሺ1ሻ′ܪ  , 1 ൌ
ሺܧ ௜ܺሻ	,  ܩ′ሺ1ሻ ൌ ௒ሺ1ሻ′ܩ ሺܰሻ, andܧ ൌ    .ሺܻሻ, the first result followsܧ

Similarly, ܩ′′௒ሺݐሻ ൌ ሻ൯ݐሺܪ൫′′ܩ	 	ൈ ൫	ܪ′ሺݐሻ൯
ଶ
൅ ሻ൯ݐሺܪ൫′ܩ	 	ൈ  ሻ , andݐሺ′′ܪ

ሺܻሻݎܸܽ  ൌ ᇱᇱ௒ሺ1ሻܩ	 ൅	ܩᇱ௒ሺ1ሻ െ ൫ܩᇱ௒ሺ1ሻ൯
ଶ
 

ൌ ሺ1ሻ൯ܪ൫′′ܩ	 	ൈ ൫		ܪ′ሺ1ሻ൯
ଶ
൅ ሺ1ሻ൯ܪ൫′ܩ	 	ൈ ሺ1ሻ′′ܪ 	൅ ሺܻሻܧ	 	െ	൫ܧሺܻሻ൯

ଶ
   

ൌ ൬ܸܽݎሺܰሻ ൅ ൫ܧሺܰሻ൯
ଶ
െ ሺܰሻ൰ܧ 	ൈ ൫ܧሺ ௜ܺሻ൯

ଶ
൅ ሺܰሻܧ	 	ൈ	൬ܸܽݎሺ ௜ܺሻ ൅	൫ܧሺ ௜ܺሻ൯

ଶ
െ

ሺܧ ௜ܺሻቁ ൅ ሺܧ	ሺܰሻܧ	 ௜ܺሻ െ	൫ܧሺܰሻ	ܧሺ ௜ܺሻ൯
ଶ
  

ൌ ሺܰሻݎܸܽ 	ൈ ൫ܧሺ ௜ܺሻ൯
ଶ
൅ ሺܰሻܧ 	ൈ ሺݎܸܽ ௜ܺሻ	  as required. 

A fair coin tossed until a head appears is distributed  ݋݁ܩ ቀଵ
ଶ
ቁ  so  ܩሺݐሻ ൌ 	 ௧

ଶି௧
 . The PGF for 

the number of heads when a fair coin is tossed once is 
ଵ

ଶ
൅	ଵ

ଶ
ሻݐ௒ሺܩ  Thus  .  ݐ ൌ 		

ଵା௧

ଷି௧
 . 

Using the results  ܧሺܻሻ ൌ 2	 ൈ	ଵ
ଶ
ൌ 1 , and  ܸܽݎሺܻሻ ൌ 	

ଵିభ
మ

ቀభ
మ
ቁ
మ	 ൈ ቀଵ

ଶ
ቁ
ଶ
൅ 2 ൈ ଵ

ସ
ൌ 1 . 

ܲሺܻ ൌ   ሻ , isݐ௒ሺܩ  ௥ inݐ  ሻ , being the coefficient ofݎ
ସ

ଷೝశభ
  for ݎ ൒ 1 , and    

ଵ

ଷ
 for  ݎ ൌ 0 . 

 

13. (i)  ܲሺܺ ൌ ሻݎ ൌ ቀ݇
ݎ
ቁ ቀ௕

௡
ቁ
௥
ቀ௡ି௕

௡
ቁ
௞ି௥

 ,  ܲሺܺ ൌ ݎ ൅ 1ሻ ൌ ቀ ݇
ݎ ൅ 1

ቁ ቀ௕
௡
ቁ
௥ାଵ

ቀ௡ି௕
௡
ቁ
௞ି௥ିଵ

  

and so  
௉ሺ௑ୀ௥ାଵሻ

௉ሺ௑ୀ௥ሻ
ൌ ௞ି௥

௥ାଵ

௕

௡ି௕
  .  The most probable value of X is the minimum value of r such 

that   
௞ି௥

௥ାଵ

௕

௡ି௕
൏ 1 , because this expression decreases as r increases.  All the factors are 

positive so it is simple to rearrange the algebra to obtain ݎ ൐
ሺ௞ାଵሻ

௡
ܾ െ 1   so  ݎ ൌ ቔ

ሺ௞ାଵሻ

௡
ܾቕ . 

The answer is not unique when there is a value of r such that  
௞ି௥

௥ାଵ

௕

௡ି௕
ൌ 1 , in which case, 

ൌ
ሺ௞ାଵሻ

௡
ܾ , which will only happen if  ݊ divides ሺ݇ ൅ 1ሻܾ . 

(ii)  Using the same strategy as for part (i) , ܲሺܺ ൌ ሻݎ ൌ
ቀ௕
௥
ቁቀ௡ି௕
௞ି௥

ቁ

ቀ
௡
௞ቁ

 , 

 ܲሺܺ ൌ ݎ ൅ 1ሻ ൌ
ቀ ௕
௥ାଵ

ቁቀ ௡ି௕
௞ି௥ିଵ

ቁ

ቀ
௡
௞ቁ

 , and so  
௉ሺ௑ୀ௥ାଵሻ

௉ሺ௑ୀ௥ሻ
ൌ ௞ି௥

௥ାଵ
		 ௕ି௥

௡ି௕ିሺ௞ି௥ሻାଵ
 . 

Again, the most probable value of X is the minimum value of r such that  

 
௞ି௥

௥ାଵ

௕ି௥

௡ି௕ିሺ௞ି௥ሻାଵ
൏ 1, giving  ݎ ൌ ቔ

ሺ௞ାଵሻሺ௕ାଵሻ

ሺ௡ାଶሻ
ቕ , and this is not unique if  ሺ݊ ൅ 2ሻ divides  

ሺ݇ ൅ 1ሻሺܾ ൅ 1ሻ. 
 


